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2words: a pure bipartite state is faithful i it has maximal






























































is invertible, in order to
guarantee the one-to-one correspondence between R
E
and E.
Let's rst consider the case of nite dimensions, for
simplicity. In terms of an orthonormal basis B = fB
i
g of
operators for the (Hilbert space of) operators S 2 B(H)
















. The map R is invertible


















)]. In fact the map R is in-











































































we see that an equivalent condition for the invertibility




























is invertible, where E =
P
ij




denotes the partial transposition of the
operator O on the lth Hilbert space. Actually, the cor-
respondence R $











ther claries the relation between the invertibility of the
map R and that of the operator

R [8].
Therefore, a bipartite state R is faithful if and only if
the operator

R in Eq. (7) is invertible. For this kind of
states the relation R
E
= E 
 I(R) $ S
E
is one-to-one,















It is clear that the set of faithful states R is dense within
the set of all bipartite states. However, the knowledge
of the map E from a measured R
E
will be aected by in-
creasingly large errors for

R approaching a non-invertible
operator, and measures of faithfulness should be intro-
duced (we will analyze this problem later in this let-
ter). Since the set of faithful states is dense, it follows
that there must be faithful states among mixed separable








[(d f)+(df  1)E];  1  f  1; (9)

































































For innite dimensions (e. g. for \continuous vari-
ables"), one needs to restrict B(H) to the Hilbert space
of Hilbert-Schmidt operators on H, and this lead to the
problem that the inverse map R
 1
is unbounded. The
result is that we will recover the channel E from the mea-
sured R
E
, however, with unbounded amplication of sta-
tistical errors, depending on the chosen representation
B = fB
j





boundedly for j ! 1. As an example, let's consider a
twin beam from parametric down-conversion of vacuum
j	ii = 	









; jj < 1 (11)
for a xed , a
y
and a, with [a; a
y
] = 1, denoting the cre-
ation and annihilation operators of the harmonic oscilla-
tor describing the eld mode corresponding to the rst
Hilbert space in the tensor product (in the following we
will denote by b
y
and b the creation and annihilation op-
erators of the other eld mode). The state is faithful, but
the operator 	
 1
is unbounded, whence the inverse map
R
 1
is also unbounded. In a photon number representa-
tion B = fjnihmjg, the eect will be an amplication of
errors for increasing numbers n;m of photons.
Consider now the quantum channel describing the

















a) denotes the usual displace-
ment operator on the phase space. The Gaussian noise is
in a sense the analogous of the depolarizing channel for
innite dimension. The maps N

for varying  satisfy






, whence the in-






since the map N





3necessarily unbounded. As a faithful state consider now
the mixed state given by the twin-beam, with one beam
spoiled by the Gaussian noise, namely






































where transposition is dened with respect to the basis




b. Since our state is Gaus-
sian, the PPT criterion guarantees separability [14], and
for  > 1 our state (14) is separable (see also Ref. [15]),
still it is formally faithful, since the operator 	 and the
map N

are both invertible. Notice that unbounded-
ness of the map inversion can even wash out completely
the information on the channel in some particular cho-
sen representation B = fB
j
g, e. g. when all operators
B
j
are out of the boundedness domain of R
 1
. This is
the case, for example, of the (overcomplete) representa-




































which has convergence radius  
1
2
, which is the well
known bound for Gaussian noise for the quantum tomo-
graphic reconstruction for coherent-state and Fock rep-
resentations [16]. Therefore, we say that the state is for-
mally faithful, however, we are constrained to represen-
tations which are analytical for the inverse map R
 1
.
In a more general framework, we can consider the
faithfulness of the bipartite state R of two quantum sys-
tems described by dierent (in nite dimensions) Hilbert
spaces H and K. We need now to consider operators
A in either B(K;H), B(H), or B(K) (in all cases we will
keep the same notation jAii for the corresponding vec-















j on H 







































. In order to express

R through its matrix
componentsR
ij









































Then, the faithfulness of R, is more generally equivalent











K which are not faithful, we can try anyway to recover








) together. This is possible if and only if the

























are probabilities (the state R
set
is equivalent to
a mixture the states fR
(n)
g in a knowingly fashion). In
this case we call the set fR
(n)
g a faithful set of states.
What can we do with an unfaithful state R? The map
R is not invertible, and for all vectors jSii 2 Ker(

R) we
have R(S) = 0. However, an unfaithful state can still be
useful in recovering some quantum channels, or at least


















R = I   P , P being the orthogonal projector
on Ker(

R). Correspondingly, one denes the pseudo-
inverse map R
z























. It is clear that now the inversion,
instead of the full S
E

















is the orthogonal projection map
on the operator space B(H), also dened as jQ(S)ii =
(I P )jSii =



















is the orthogonal projection map





The above considerations suggest a denition of a
number of faithfulness ' as '(R) = Tr(

Q), corre-
sponding to the rank of

R. Then, a state is faith-
ful for '(R) = dim(H)
2
. Notice that for '(R) <
dim(H)
2





SpanfjSii; S commutingg, in which case the state R al-
lows to reconstruct completely only \classical" channels,
with the input restricted to an abelian algebra of states.
The introduction of pseudo-inversion provides an algo-
rithm for the patching when using a set of states fR
(n)
g
that lead to the projection maps fQ
(n)
g. The set is faith-
ful i we can recover any operator S 2 B(H) from its
projections Q
(n)
(S), and this is possible i, given a ba-
sis fB
i







In such circumstances, any element of the basis can be





fore the component Tr[B
y
i
S] of S will be a linear com-



















































Now, let's consider the problem of how to dene a mea-
sure of faithfulness F (R) of the state R. As already no-
ticed, even though in principle any faithful state can be
used to perform a tomography of the channel E [5], the
experimental errors on the measured R
E
are propagated
to E by the inversion of the map R. Thus dierent faith-
ful input states can produce very dierent errors on the
measured channel. It is clear that all the features produc-









, then the smaller are the singular values 
l
, the larger
is the error amplication, whence the number of measure-
ments needed to have a good reconstruction. This sug-
gests that a measure of faithfulness should be an increas-
ing function F (R)  f(f
l









be invariant under their permutations, whence F (R) is
a symmetric monotone norm of

R [17]. It is clear, how-
ever, that it is unpractical to have a universal measure
for faithfulness, and its actual denition will be dictated
by the goodness criterion adopted for the reconstruction












R] coincides with the pu-
rity of the state R, and this simply shows that, for the
part of the channel that can be reconstructed, the error
is minimized for pure input state R.
The denitions of F and ' can be naturally extended
to sets of states fR
(n)
g via the introduction of the joint
state R
set
in Eq. (19). It obviously follows that any cho-
sen degree of faithfulness F (R) of a maximally entangled
pure state R will be larger than the degree F (fR
(n)
g) of
any faithful set fR
(n)
g of unfaithful states.
In conclusion, in this letter we have introduced a new
feature of bipartite quantum states, which we call faith-
fulness, corresponding to the ability of the state of carry-
ing the complete imprinting of a channel acting on one of
the pair of quantum systems. This property has also been
extended to sets of bipartite states, when the channel
can be recovered from the corresponding output states
patched together. We have seen that there are separa-
ble states that are faithful, and the maximally faithful
states are the maximally entangled pure states. We want
to stress that the property of being faithful is a strictly
quantum feature, since a faithful state cannot be writ-
ten as the mixture of local classical (i. e. commuting)
states. This also shows how subtle is the game between
the classical and quantum natures in the correlations of
a general mixed quantum state.
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